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Because of nonlinear and complex interactions involved with the dynamic and aeroelastic stability of a rotor
system, detailed and accurate knowledge of the stability characteristics are essential to prove design safety and
to validate theoretical analysis. The task of determining these characteristics for a rotor from tests becomes
complicated because of the presence of substantial amplitudes of the undamped harmonics, the possibility of
close modes, and the complexity associated with the excitation of the modes in the rotating environment. Time
domain modal parameter estimation methods are very useful for damping estimation when there are close modes,
but they are very sensitive to noise. Subspace methods substantially improve the time domain estimates for noisy
data, but they require higher computation time. A simple method is developed that retains the low variance
estimation property of the subspace methods, but which is comparable in computation cost to methods that do
not use the subspace approach. Its performance is evaluated for multi-output and single-output implementations
and compared to the standard sparse time domain method. It is found that the modified method is more accurate
in terms of the bias and standard deviation of the damping estimates, and it is faster when the number of modes
is much less than the order of the data matrix.

Introduction

D YNAMIC instability of a helicopter rotor system may
lead to a catastrophe. This factor has led to a significant

amount of theoretical and experimental studies to better un-
derstand and control the aeroelastic behavior of such rotors.
Whether it is a scaled-model test in the wind tunnel or the flight
test of a full-scale vehicle, testing time is a critical factor be-
cause of the high cost and safety hazard associated with rotor
stability measurement. In a dynamic stability test of a rotor,
the damping and frequency of different vibration modes are
determined. The task of determining these characteristics for a
rotor becomes complicated because of the presence of substan-
tial amplitudes of undamped harmonics, the possibility of
close modes, and the complexity associated with the excitation
of modes in the rotating environment. Because of nonlinear
and complex interactions involved with the phenomenon of
the stability of a rotor system, measurement of detailed and
accurate stability characteristics are important to prove design
safety and to validate theoretical analyses. In addition, on-line
data reduction is necessary to reduce test time and to give
insight into incipient damaging instability. This paper will ad-
dress these points by formulating a modified sparse time do-
main (STD) technique to estimate stability characteristics
in a rotating environment using multiple transient response of
a rotor.

Of the various methods adapted to rotor stability testing, the
moving-block analysis technique1'2 is the most widely used. It
is a single-mode frequency-domain modal parameter estima-
tion technique for analyzing transient response data. Extensive
evaluation and improvements of this method were described in
Ref. 3, including time domain windowing of the transient re-
sponses. It is a simple method to implement, and the damping
estimates of individual modes making up a response can be
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determined separately using rapid Fourier analysis techniques.
Johnson4 analyzed the performance of the moving-block tech-
nique and showed that it displays good statistical behavior for
a single-degree-of-freedom system. In general, the moving-
block method performs well for data involving well-separated
modes. It does not perform well for data with close modes and
high damping and with large undamped rotor harmonics.

A method developed by Grant5 identifies the periodic damp-
ing coefficient of the flap response of an articulated rotor by
estimating the variance of a response produced by turbulent
aerodynamic excitation. This measured variance is then used
to estimate the damping coefficient. This method was, how-
ever, developed for single degree-of-freedom flap response,
and it is not directly applicable to coupled and multimode
responses obtained in typical rotor stability tests. Another
method that has been used for damping estimation is the ran-
dom decrement method developed initially by Cole6 for fixed
wing testing and applied in Ref. 1 to rotor stability testing.
Ibrahim7 extended this method to a general multi-output set-
ting. This method makes use of random excitation of the rotor
from wind turbulence, and it is based on averaging segments of
the response that have the same initial conditions. Recently,
Vandiver et al.8 have shown that this method is similar to the
autocorrelation technique in time series analysis. However, it
requires considerable test time. Johnson9 and Gupta10 used the
instrumental variable technique in the frequency domain to
estimate the stability characteristics of a rotor system from the
transfer function. This method attempts to reduce the bias of
ordinary least squares estimates by using a separate set of data
called instrumental variables.11 The instrumental variables
should be strongly correlated with the noise-free part of the
data and uncorrelated with the noise. In general, the selection
of instrumental variables is not a well-defined procedure. Sev-
eral studies have been conducted by various investigators on
different choices of instrumental variables.11

Molussis12 applied a recursive maximum likelihood ap-
proach to the identification of a single degree-of-freedom sys-
tem under random excitation. The use of maximum-likelihood
methods for multidegree-of-freedom responses is computa-
tionally prohibitive and also may converge to local minima.13

Ibrahim14 formulated a time domain technique for estima-
tion of modal parameters from multi-output transient data.
This technique, called the Ibrahim time domain (ITD) method,
consists of obtaining a system matrix of responses separated by
a time interval and then solving for its eigenvalues. The per-
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Fig. 1 Effect of noise level on damping estimates, frequency = 9.0
Hz, second mode (I/rev) at 15.0 Hz: a) STD method; b) modified
STD method.

These methods decompose an over determined, high-order re-
sponse or correlation matrix into signal and noise subspaces.
Either of these subspaces is then used to obtain improved
estimates of the modal parameters.

An early subspace method, the Pisarenko harmonic de-
composition method,20 uses a one-dimensional null space of
an autocorrelation matrix. This method is also similar to the
more recent total least squares (TLS) technique.21'22 The TLS
method is a general method for solving linear equations where
both the right-hand side and the left-hand side are contami-
nated by noise. Kumaresan23 derived an improved Pisarenko
(IP) method that produces improved parameter estimates from
a noisy data matrix. This technique, as well as TLS, uses the
redundancy of the noise subspace associated with an estimated
covariance matrix of the data.

A notable technique for modal testing is the eigenrealization
method,24 which uses system realization concepts and a singu-
lar value decomposition (SVD) solution. Reference 24 shows
that under certain conditions this method represents an SVD-
based solution of the ITD equations. It is, therefore, slightly
more involved computationally.

Another subspace method introduced by Kumaresan25 uses
the SVD of the response matrix. This method estimates the
frequencies and damping values with significantly reduced
variances. This is essentially an SVD solution of the STD
equations for single-output data. In general, such time domain
methods are capable of resolving very close modes. This
method was used for damping estimation, from rotor stability
data in Ref. 3. It was concluded that the subspace methods are
necessary for damping estimation from rotor stability data
with time domain methods. However, this increases the com-
putation time, which is a critical factor in stability testing. This
study is concerned with the development of a multi-output
subspace method that retains the low variance property but
requires much less computation time.

formance of the ITD technique has been extensively studied
through application to a variety of structures. A closely related
approach is the STD method,15 which may also be viewed as a
generalized Prony method. The STD method is a multi-output
technique that incorporates the idea that all of the responses
have poles corresponding to roots of the same characteristic
equation. The coefficients of this characteristic equation are
first determined, and then the roots are used to obtain the
natural frequencies and damping values. This method uses a
least squares solution and needs more modes in the estima-
tion procedure than the number of structural modes. This
means that the noise is modeled as a sum of additional modes.
This can be viewed as a modification to the Prony method,
and it improves the estimation of modal parameters but intro-
duces spurious computational modes. Such extensions are,
however, necessary when the data are corrupted with noise.
Most time domain methods attempt to solve equations similar
in structure to the ITD or STD equations. Because of noise
data, different methods of solution give different statistical
properties to the estimates. Some of these methods are re-
viewed below.

It is well known that ordinary least squares solutions are
optimum when the (equation) error is Gaussian and uncor-
related, and then these become the maximum likelihood
estimates. When the error is correlated, the generalized least
squares (GLS) solution will give the optimum estimates, pro-
vided the correct covariance of the error is available. Iterative
GLS methods have been studied in Refs. 16-19 for estimation
of modal parameters in the time domain. These methods at-
tempt to whiten the equation error. However, the iterations
involve the inversion of matrices, and the computation time is
increased significantly.

Recently, in the fields of modal testing and signal proces-
sing much attention has been focused on the use of subspace
techniques for time domain estimation of modal parameters.

Analysis
To describe the modifications made to the STD method, a

concise presentation of both the ITD and the STD methods
follows.

Sparse Time Domain and Ibrahim Time Domain Methods
The STD technique is a multiple output, multidegree-of-

freedom technique for estimating modal parameters from
transient response data.15

The free response of a viscously damped lumped parameter
system may be written as

2p

(1)

where x(t) is an MX 1 vector of responses. An element of x(t)
is a response at a particular location at time t, /> is the number
of modes in the response, \l/j is they'th mode shape (including
the modal contribution), and Xy is theyth eigenvalue:

(2)

where {/ is the damping ratio of jth mode and a>7 its natural
frequency. Equation (1) may be written at different time in-
stants as

(3)

(4)

where A/y = e x/ '•/' . These may be simply written as

where ^ is an M x L matrix and A an L x L matrix and has a
Vandermode structure (i.e., A/7 =eXij*t = AJ

il).
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If the response matrix is shifted by A/, then Eq. (4) becomes

*, = *A5 (5)

where

A5 = «A (6)

Here a is diagonal and a// = ex/ A', so Eq. (5) may be written as

(7)

Two different approaches may be used to solve for A and
fromEqs. (4) and (7).

In the first approach, one seeks a matrix B such that

Then

(8)

(9)

and B may be estimated using a pseudo-inverse solution:

B = *,f>r[**7l-1 (10)

This is the ITD method. To ensure invertibility of the matrix
product **r, $ must have linearly independent rows. The
implication is that the order of the data matrix must be equal
to twice the number of modes in the response. Equation (8)
shows that the eigenvectors of B are the mode shapes, whereas
the eigenvalues are the exponentiated poles of the system.

In the second approach, one seeks a matrix H such that

This is equivalent to

Using Eqs. (11), (5), and (4) gives

(11)

(12)

(13)

H may then be estimated using a pseudo-inverse solution as

(14)

However, if the time shift between $ and *5 is equal to the
shift between adjacent columns in f>, then the first L — \
columns of 4>5 are the same as the last L - 1 columns of $. This
means the first L - 1 columns of H effect a column shift oper-
ation such that His an upper Hessenberg companion matrix.15

Thus, the last column contains the system's information. All
other elements of this matrix are zero with the exception of
entries on the lower diagonal, which are unity. It is then possi-
ble to solve for the last column of H alone. That is,

where $L is the last column of $,
is also possible to write this as

(15)

This is the STD method. It

= 0 (16)

where

$a is exactly like $ but with an additional response element per
location. The subscript is dropped for subsequent presenta-

tion. These equations are the same as the classical Prony
method; however, this method implicitly recognizes that all of
the locations satisfy the same characteristic equation. The
Prony method usually refers to a single-output implementa-
tion in which each row of the data matrix is shifted in time with
respect to adjacent rows. Equation (15) is often solved as a
least squares solution, using Cholesky decomposition for the
resulting normal equations. From Eq. (11), the eigenvalues of
H are ex/A/, and the eigenvectors are the columns of [A]"1.
Alternatively, the eigenvectors of HT are A.H. Using Eq. (2),
the natural frequency and damping factor of each mode may
be obtained from corresponding eigenvalue, and the mode
shape may be determined using Eq. (4).

Modifications to the STD Method
It can be shown that the data matrix $ and the matrix *r*

have a rank equal to twice the number of modes present in
the data if the data are free from noise. Using a higher-order
matrix would, therefore, make the matrices singular. When
there is noise in the data, this property is not completely true.
The data matrices become ill conditioned, and the estimates
obtained from repetitions of a test would exhibit substantial
scatter. The scatter is not a result of numerical error but rather
is due to variations in different tests. The estimates may be
made robust by the use of an SVD approach23 or by the use
of principal components. The philosophy behind these ap-
proaches for improving estimates from noise-contaminated
data is described next.

Consider data that are free from noise:

{*(»)} =
2p

(17)
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Fig. 2 Effect of noise level on damping estimates, frequency = 9.0
Hz, second mode (I/rev) at 12.0 Hz: a) STD method; b) modified
STD method.
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Here, 2p is the number of modes. The MxL data matrix $
may be factored as

$ = *A (18)

where

(19)

and

(20)

This means that

Following Ref. 22, if
values Pi'(i = 1,2,..'. ,2/7), then

Premultiplying by \H gives

(21)

eigenvectors qt and eigen-

iqt (22)

?(A*0/) (23)

The eigenvectors of fc7* are AHqi9 and the corresponding
eigenvalues are /?/. This implies that an eigenvector of $r$
is a linear combination of the 2p rows of A and that all such
eigenvectors would span a space of dimension 2p, the same
as the rows of A. That is,

or

(24)

where A/ refers to the /th row of A as defined in Eq. (19). Also,
note that for noise-free data there would only be 2p nonzero
eigenvalues of the f>r$ matrix.

To illustrate the filtering effect of a subspace method, con-
sider the data matrix corrupted by additive white noise of
variance o.2.

where E is given by

E

e i ( L )

(25)

(26)

If the row dimension M becomes very large, the elements of
^rf»/M become close to the autocorrelation of the data. In
the probability liriiit

+ a2/ (27)

Here it is assumed that the noise is white and is, therefore,
uncorrelated with response data. As shown previously, the
first term on the right-hand side of Eq. (27) has rank 2/7,
and it is spanned by 2p orthonormal vectors. One may write,
therefore,

a2/ (28)

where scaling by M is now incorporated in the definition of
From the orthonormal structure of the eigenvectors of
one obtains

/= (29)

and

E
1=1 i = 2p+l

a2v/v/
r (30)

This eigenvalue shows that the first 2p eigenvalues of
would be j3/ + (72 and that the others would be a2. Also, the
principal vectors corresponding to the first 2p eigenvalues
are the same as those of Eq. (24). It is now possible to con-
struct the noise-free data matrix by using only the 2p principal
vectors and correcting the eigenvalue weighting (since o2 has
been obtained). This matrix can be obtained from the first
term in Eq. (30) and, in effect, is a filtered data matrix. The
noise-free data matrix can then be used to estimate the true
modes accurately. In actual practice, the amount of data avail-
able is finite and the properties described previously can only
be applicable approximately. Thus, the noise-related eigenval-
ues will not have the same magnitude, but the variations would
tend to be small. It also implies that the columns of V would
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only be approximately represented by 2p columns of A.H, as in
Eq. (24). Also, from Eqs. (16) and (4):

= 0

(31)

For this equation, the nonsingular nature of tyHty is used.
This equation shows that ex/A ' are roots of an Lth-order poly-
nomial formed from the elements of b. Also, transposing
Eq. (24) and postmultiplying the b gives

VTb = DHAb = 0 (32)

This is the improved Pisarenko (IP) method of Ref. 23, where
it was derived differently for a single-output response. It is,
however, quite applicable to a multi-output response.

This method shows how the system vector a (contained in b)
may be estimated using 2p principal vectors. The roots of the
monic polynomial formed from a may also be obtained as
eigenvalues of a companion matrix H or HT.

These equations are under determined, and a minimum
norm solution (using bL + \ = - 1) can be easily found as

where vL+1 is the last column of VT.
Calculation of the roots of an Lth-order polynomial or,

equivalently, the eigenvalues of a companion matrix is too
time consuming when viewed in the context of on-line stability
testing of helicopter rotors. It was shown in Ref. 3 that a
partial eigensolution method may be used to extract a subset of
the roots from the companion matrix eigenvalue problem. The
performance of partial eigensolution methods of general (not
necessarily symmetric) matrices is not as fully developed as
those for symmetric matrices; however, the methods are simi-
lar. The simultaneous vector iteration method consists of a
premultiplication phase, in which a trial set of vectors is mul-
tiplied with the matrix, and a reorientation phase, in which an
interaction matrix is calculated and its eigensolution is ob-
tained. Convergence of the partial eigensolution terminates the
procedure. Consider the eigenvalue problem of the companion
matrix HT obtained from noise-contaminated data:

^ = A? a (34)

A trial set of iteration vectors g may be expanded as

g = A? C = AfsCs + A?NCN (35)

Here, A*fs refers to the eigenvectors of H T corresponding to its
largest eigenvalues, and A^N refers to the eigenvectors associ-
ated with the smaller eigenvalues. This implies that

HTQ = A? = Y (36)

The next step in the simultaneous vector iteration method
involves the computation of an interaction matrix B from

QB = Y (37)

The eigensolution of B is then calculated. If convergence of
this eigensolution is not obtained, B is recalculated by replac-
ing Q by Y in Eq. (36). Provided the als are well separated
from the a\N9 the contribution of the first term in Eq. (36)
would eventually dominate, and the correct eigensolution
would be obtained.

To accelerate convergence, one could begin the iteration
with a set of vectors that approximately spans the same space
as eigenvectors Afs associated with the largest eigenvalues.

This is the same as saying the elements of CN are very small
compared to those of Cs. When a backward prediction SVD
method is used to obtain //, then all of the eigenvalues associ-
ated with the structural modes are outside or on the unit circle,
and the noise modes are inside the unit circle.25 This method
ensures that the largest eigenvalues of HT belong to the struc-
tural modes, and, hence, A^s is associated with the structural
modes. It is, therefore, desirable for fast convergence to obtain
starting vectors that are linear combinations of the eigen-
vectors corresponding to the structural modes only. Consider
the first L rows of V. These may be written as

Vr = A?5Z> (38)

where A%s consists in an approximate sense of the first L rows
of the 2p vectors in AH that are all associated with structural
modes. This implies that the principal eigenvectors of *r*
are approximate linear combinations of the eigenvectors corre-
sponding to the largest eigenvalues of //r, which is the re-
quired property for good iteration vectors. In particular (if
A2s=Ais), the first iteration gives

(39)

The second stage in the first iteration involves computing an
interaction matrix B as the solution of

or equivalently

(40)

(41)

Because A^A^ is nonsingular, this is the same as

DB = aisD (42)
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Equation (42) shows that the eigenvalues of B would be equal
to «i5 when B is obtained from Eq. (40). Another method of
computing only a few eigenvalues may be obtained by using
the ITD method on the principal vectors. These vectors may be
written as

(43)

If Vj is composed of the last L columns of VT and one follows
the same argument used in getting Eq. (7), it is easy to show
that

Vj = DHoi\r (44)

where a. is a 2p x 2p diagonal matrix whose elements are the
system's eigenvalues. Using the procedure described for the
ITD method, one may obtain a system matrix B:

BV.T _ (45)

The eigenvalues of B are a/, and its eigenvectors are columns
of DH. The matrix B is a 2p x2p matrix, where 2p is often
much less than L. It is estimated using a least squares solution
that

= VjVr\VjVr\- (46)

Further savings in computation time may be obtained by
using the orthonormal structure of the principal vectors, as in
Ref. 22:

(47)

Using the matrix inversion lemma gives:

(48)

Depending on the number of modes being estimated, this
method would result in significant saving of computation time
since it involves only one outer product and one inner product.

Results and Discussion
To illustrate the performance of this method, a series of

simulations were performed. Transient responses consisting of
two modes were generated as

x(t) =

where ui = 2irfi rad/s and a>2 = 27r/2 rad/s. For multi-output
calculations the constants A\9 A2, 0i , and 02 may vary from
one location to another. Zero-mean Gaussian white noise was
added to each response and is expressed in terms of the ratio
of the standard deviation of the noise to the rms value of the
response. This rms value of the response is calculated only
from the part of the transient response that is utilized in the
estimation.

Comparison with the STD Method
First, the performance of this newly developed method

is evaluated in comparison with the standard STD method.
The data were generated using Ai = l09 A2 = 5, /i = 9.0 Hz,
/2= 15.0 Hz, ft = 0.01, {2 = 0.0, and 0! = 0.0. These two modes
are well separated from each other. The sampling frequency of
204.8 Hz was used for analysis. This can be visualized as a
simulation of rotor stability test data, where the first mode
represents a low damped lag mode and the second mode repre-
sents a one per revolution (I/rev) forced response at the rotor's
rotational frequency. Damping estimation was performed us-
ing a 60x41 data matrix, consisting of responses from four
blades in equal proportions. The four different blade re-
sponses were generated, including appropriate phase differ-
ences for the I/rev, i.e., 02 = 0, Tr/2, TT, and 3?r/2. The transient
response signals for all blades were assumed to be identical, an
assumption that is strictly true in hover and approximately so
in low speed forward flight. Different noise sequences were
generated and added to each response. The magnitude of noise
added to each response was assumed to be identical, and the
signal-to-noise ratio was defined with respect to the first blade
response (02 = 0). For each noise level, 50 repetitions of the
estimation were carried out, with different seed values for the
random number generator. The mean values of the estimated
damping for the mode of interest (the damped mode) were
then calculated, together with the standard deviation.

Figures la and Ib present estimated values of damping
with varying levels of noise calculated, using the standard
STD method and the newly developed modified STD method.
As expected, the scatter of estimated values grows with the
noise level; however, the size of the scatter for the unmodi-
fied STD method is much larger. There is considerable error in
damping estimation at higher noise levels using the standard
STD method, whereas the estimation error is somewhat
smaller (about one-half) using the modified method.

Another case was analyzed for a smaller frequency separa-
tion between two modes C/i = 9.0 Hz, /2= 12.0 Hz), and the
results are shown in Fig. 2. The error in estimated values and
the scatter are considerably increased using the standard STD
method, whereas these are small with the modified method.

The computation times of both methods were compared.
CPU times were obtained on a Sun 360 workstation. Figure 3a
shows the CPU time for both methods as the number of
columns of the data matrix is increased and the row dimension
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Table 1 Effect of principal vector matrix dimensions on estimates

Column
size
40
38
36
34
32

Mean
7i,Hz
9.0008
8.9999
8.9997
8.9997
8.9999

Mean
n, ^
1.0487
1.0568
1.0564
1.0531
1.0498

Std. dev.
n, %
0.1510
0.1569
0.1631
0.1648
0.1685

Mean
/2,Hz
15.0023
15.0017
15.0016
15.0018
15.0020

Mean
fe, %
1.0136
1.0212
1.0214
1.0206
1.0175

Std. dev.
ft, %
0.1238
0.1272
0.1299
0.1329
0.1375

held constant at 100. Here the data contain only two modes,
which means that the modified method calculates the eigen-
values of the system from a 4 x 4 matrix. The STD method, on
the other hand, determines the modes from matrices whose
dimensions are equal to the column size (twice the number of
modes used to model the data). For this case, the modified
method becomes efficient as the order of the data matrix is
increased. Figure 3b shows the comparison of computation
times by the two methods when the number of modes are
increased to 10. Again, it shows superior computational effi-
ciency of the present method. However, if the number of
principal vectors (twice the number of true modes) approaches
the column size, the computation time of the modified method
would equal that of the STD algorithm. In stability testing, it
is necessary to repeat the tests for statistical reasons. This
situation is ideal for the modified method since the partial
eigensolution in the first part of this technique can be found
more rapidly by using previously obtained estimates.

Multi-Output and Single-Output Implementations
The multi-output implementation of the modified STD

method makes use of several rows of data from each location
and leads to a combined set of equations. The data matrix then
becomes

*1
*2

*k

For an eigensolution, one needs

(49)

(50)

where / represents a particular station from a total of K sta-
tions. The matrix #r<I> for the multi-output approach is an
average of those from the single-output approach. The eigen-
vectors of this matrix are then used to estimate the modal
parameters. Two cases are considered.

The first case is the typical one encountered in modal test-
ing, where the contributions of each mode may vary substan-
tially from one response location to another, implying that the
signal-to-noise ratio of each mode changes across locations. If
the maximum size of data matrix is specified, as may be re-
quired for on-line processing, it is possible to compare the
multi-output estimation results with various single-output re-
sults. Consider an example of response data, consisting of two
modes from four locations of a cantilever beam located at 20,
40, 60, and 80%, respectively, of the length. The modes are
assigned frequencies of 9.0 and 15.0 Hz, and a damping ratio
of 0.01 was used for both modes. For multi-output implemen-
tation, a 200x41 data matrix was formed, consisting of 50
rows from each location. The estimation was carried out with
data from each response location, using the same data matrix
size of 200x41. Results for both modes are shown in Fig. 4.
The estimates from individual locations using a single-output
scheme are generally good except from location 1 (20% po-
sition), where the signal-to-noise ratio is low for the first

mode. A considerable scatter in the multi-output estimation
may be the result of data from location 1. However, by using
the initial parts of each response, the multi-output data ma-
trix would enhance the signal-to-noise ratio. Thus, there is a
need for optimum data selection when the objective is to esti-
mate accurately frequencies and damping values from multi-
output data.

The second case, which is more applicable to rotor stability
testing, is one in which the contributions of each mode are not
much different from one location to the other. This would be
possible if all of the blades were instrumented at the same
spanwise location with comparable responses. To understand
the multi-output performance of the method described previ-
ously, a set of simulations was performed. Responses consist-
ing of an undamped response at 15.0 Hz and a damped re-
sponse at 9.0 Hz with a damping ratio of 0.01 was generated
for four identical blades. Figures 5a and 5b present estimated
damping obtained using single-output and multi-output
schemes for noise levels of 20 and 80%. For the first example,
with lower noise level, damping is predicted well by both
schemes. Also, the scatter in damping estimation is quite com-
parable for all cases. For the second example, involving a large
noise level (80%), the damping estimations deteriorate with
both schemes. There is large scatter of damping estimation for
all cases. Although the average value of damping is estimated
satisfactorily using the multi-output approach, the scatter is
quite large. This example, however, is an extreme condition,
where noise dominates the response.

The estimation was also repeated for a case with signifi-
cantly higher damping (ft = 0.05). Figure 6 shows that, for
this level of damping, a multi-output approach would provide
better estimation, especially at higher noise levels. Because of
higher damping, the transient dies early. With a multi-output
approach, one needs to use only the initial part of the re-
sponse, where the signals are not dominated by noise. A data
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Fig. 8 Example of null space or noise eigenvector, data consisting
of damped mode at 9.0 Hz and undamped mode at 12.0 Hz, with
25% noise.

matrix formed with the initial parts of the transient response
from different locations would, therefore, possess a much
higher signal-to-noise ratio, leading to much better damping
estimates.

Characteristics of the Principal Vectors
Certain similarities are apparent between Eqs. (24) and (4),

which show how the vectors v/ vary as functions of time. The
time histories are useful in determining the number of sig-
nificant modes in each principal vector. Figure 7 shows the
amplitude and the spectrum of the principal vectors generated
from a 60x41 data matrix of a transient response (as used
for Fig. 2), with 25% added noise. The data were sampled at
40.0 Hz to permit a finer resolution of the vectors. It can be
seen that the vectors essentially contain only the two modes
of interest. Since there are only two modes, there are two
pairs of principal vectors or a total of four vectors. Each pair
of principal vectors is plotted using a solid line and a dotted
line. These vectors may also be analyzed in the same fashion
as the original data. First, an over determined data matrix is
formed from the four principal vectors by treating them as
four separate responses of a structure. In the preceding
example, one would form four responses with 41 samples each.
Then a singular value decomposition of this matrix is used to
find its rank. While this matrix is not singular, the separa-
tion of its first four singular values from the other singular
values is much more than that of the original data matrix. This
means that the error in approximating the principal vectors as
a sum of two modes is quite small. The error in making such
an assumption for the original data is higher. This is simply
a consequence of the filtering that has occurred with the
subspace technique. An example of a pair of null space or
noise-related principal vectors is shown in Fig. 8, which illus-
trates the extra modes used by the method to account for noise
in the data.

The overdetermined matrix formed from the principal vec-
tors may also be used to produce estimates of the frequencies
and damping values in a way similar to the original data. An
investigation into the performance of this method was under-
taken. This was done by increasing the number of rows in the
principal vector matrix V through the use of pseudostations.
This decreases the column size (of V) while increasing the
number of rows (stations). The pseudostations are time-shifted
responses. The original data were generated with/! = 9.0 Hz,
/2=15.0 Hz, fi = f2 = 0.01, Ai=A2=W.O, and 01 = 02 = 0.0.
The sampling frequency was 204.8 Hz, and the noise level was
10%. The results are summarized in Table 1, with decreasing
column size (or increasing row size). It can be clearly seen that
no further refinement could be obtained by increasing the
number of rows and decreasing the number of columns in spite
of additional computation effort. These results do not follow
the normal behavior for noise-contaminated data. The reason
is that, although the principal vectors being used are primarily
composed of two modes, they also contain several other expo-
nentials that were used to model the noise. The contributions
of these exponentials, however, are very small, and the over-
determined matrix would tend to have a rank equal to twice the
number of true modes. However, the filtering effect which was
demonstrated for the original data no longer applies. The noise
(E) matrix would be replaced by a matrix that is a sum of small
exponentials and, therefore, possesses substantial correlation,
unlike the rows of E.

Conclusions
1) A multi-output modified STD method has been devel-

oped for rotor stability testing. This method is more accu-
rate, in terms of the bias and standard deviation of the damp-
ing estimates, than the standard method and is faster when
the number of modes is much less than the order of the data
matrix.

2) A single pass utilization of the principal vectors in esti-
mating the modal parameters produces highly accurate esti-
mates. Further processing based on the assumption of noise
in the principal vectors does not appear to yield any more
accuracy.

3) The multi-output implementation of this method is par-
ticularly useful in rotor stability testing for cases involving
high noise levels and high damping values.
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